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Abstract

We consider the process F̂ n–Fn, being the difference between the empirical distribution function Fn and its least concave

majorant F̂ n, corresponding to a sample from a decreasing density. We extend Wang’s result on pointwise convergence of

F̂ n–Fn and prove that this difference converges as a process in distribution to the corresponding process for two-sided

Brownian motion with parabolic drift.

r 2006 Elsevier B.V. All rights reserved.

MSC: primary: 60F05 62E20; secondary: 62G30

Keywords: Least concave majorant; Empirical distribution function; Brownian motion with parabolic drift; Isotonic estimation;

Monotone density
1. Introduction and main result

Let X 1;X 2; . . . ;X n be a sample from a decreasing density f. Suppose that f has bounded support, which then
without loss of generality may be taken to be the interval ½0; 1�. Let F̂ n be the least concave majorant of the
empirical distribution function Fn on ½0; 1�, by which we mean the smallest concave function that lies above
Fn. The process

AnðtÞ ¼ n2=3fF̂ nðtÞ � F nðtÞg; t 2 ½0; 1�, (1.1)

has been of interest to several authors. In Kiefer and Wolfowitz (1976), it was shown that ðlog nÞ�1suptjAnðtÞj

converges to zero with probability one, but the precise rate of convergence or limiting distribution was not
given. Wang (1994) investigated the asymptotic behavior of AnðtÞ, for t40 being fixed. The limiting
distribution can be described in terms of the operator CMI that maps a function h : R! R into the least
concave majorant of h on the interval I � R. If we define the process

ZðtÞ ¼W ðtÞ � t2, (1.2)
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where W denotes standard two-sided Brownian motion originating from zero, then it is shown in Wang (1994)
that, for t40 fixed, AnðtÞ converges in distribution to c1ðtÞzð0Þ, where c1ðtÞ is defined in (1.5), and

zðtÞ ¼ ½CMRZ�ðtÞ � ZðtÞ. (1.3)

Recently, Durot and Toquet (2002) obtained the same result in a regression setting.
In the present paper, we extend the pointwise result of Wang (1994) to process convergence of a suitably

scaled version of AnðtÞ. For t 2 ð0; 1Þ fixed and tþ c2ðtÞsn�1=3 2 ð0; 1Þ, define

zntðsÞ ¼ c1ðtÞAnðtþ c2ðtÞsn�1=3Þ, (1.4)

where

c1ðtÞ ¼
jf 0ðtÞj

2f 2
ðtÞ

� �1=3

and c2ðtÞ ¼
4f ðtÞ

jf 0ðtÞj2

� �1=3

. (1.5)

Define zntðsÞ ¼ 0 for tþ c2ðtÞsn�1=3eð0; 1Þ. Our main result is the following theorem.

Theorem 1.1. Suppose that f satisfies
(A1)
 f is decreasing and continuously differentiable;

(A2)
 0of ð1Þpf ðtÞpf ðsÞpf ð0Þo1 for 0psptp1;

(A3)
 0oinf t2½0;1�jf

0
ðtÞj.
Let z and znt be defined as in (1.3) and (1.4). Then the process fzntðsÞ : s 2 Rg converges in distribution to the

process fzðsÞ : s 2 Rg in DðRÞ, the space of cadlag functions on R.

In the remainder of this section we sketch the line of argument used to prove Theorem 1.1. All proofs are
transferred to Section 2.

Let DI be the operator that maps a function h : R! R into the difference between the least concave
majorant of h on the interval I and h itself:

DI h ¼ CMI h� h.

Then DI h is a continuous mapping from the space DðIÞ into itself. This is a consequence of the basic property
for concave majorants, that for any interval I � R,

inf
t2I

hðtÞpCMI ðgþ hÞ � CMI gp sup
t2I

hðtÞ

(see for instance Kulikov, 2003). The key observation for proving process convergence is the fact that the
process An is the image of F n under the mapping D½0;1�: An ¼ n2=3D½0;1�Fn. This means that in order to obtain
the limiting behaviour of An, we must investigate the limiting behaviour of Fn itself. This is described in the
following lemma.

Lemma 1.1. Let f satisfy conditions (A1)–(A3). Then for t 2 ð0; 1Þ fixed, the process

n2=3ðFnðtþ sn�1=3Þ � FnðtÞ � ðF ðtþ sn�1=3Þ � F ðtÞÞÞ for s 2 R, (1.6)

converges in distribution to the process fW ðf ðtÞsÞ : s 2 Rg in DðRÞ.

Note that n2=3ðF ðtþ sn�1=3Þ � F ðtÞÞ � n1=3f ðtÞsþ f 0ðtÞs2=2 and that the operator D½0;1� is invariant
under addition of linear functions. For this reason, the term n1=3f ðtÞs will have no effect on the limiting
behaviour of An, which will therefore be determined by the concave majorant of Brownian motion with a
parabolic drift.

In order to apply Lemma 1.1 together with the continuity of the mapping h 7!CMI h� h, we must consider
concave majorants on fixed intervals. However, up to scaling constants, the processes zntðsÞ correspond to
concave majorants of F nðtþ sn�1=3Þ with s in intervals ½�tn1=3; ð1� tÞn1=3� increasing to R, whereas the process
zðsÞ corresponds to the concave majorant of Z on R. Hence, in order to establish Theorem 1.1, we must show
that with high probability, the concave majorants of Z on the whole real line and on large bounded intervals
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coincide on large intervals. To this end, for d40, we consider the event

NðdÞ ¼ f½CMRZ�ðsÞ ¼ ½CM½�d;d�Z�ðsÞ for s 2 ½�d=2; d=2�g. (1.7)

The next lemma shows that for large d, the event NðdÞ occurs with high probability.

Lemma 1.2. PðNðdÞcÞp8 expð�d3=27Þ.

Likewise, we will have to deal with the difference between the concave majorants of F n itself on intervals
½t� dn�1=3; tþ dn�1=3� and on ½0; 1�. Therefore, for t 2 ½0; 1� and d40, define IntðdÞ ¼ ½0; 1�\
½t� dn�1=3; tþ dn�1=3�, and consider the event

NntðdÞ ¼ f½CM½0;1�Fn�ðsÞ ¼ ½CMIntðdÞFn�ðsÞ for s 2 Intðd=2Þg. (1.8)

The following lemma ensures that the value of the two concave majorants of F n coincide within Intðd=2Þ with
high probability.

Lemma 1.3. Let t 2 ð0; 1Þ and d40. If f satisfies (A1)–(A3), then there exist a constant C40, such that

PfNntðdÞ
c
gp8 expð�Cd3

Þ, where C does not depend on d, t and n.

Lemmas 1.2 and 1.3 enable us to restrict ourselves to concave majorants on a fixed interval ½�d=2; d=2� for d

sufficiently large. Convergence in distribution of the process (1.6) together with the continuity of the mapping
h 7!CMI h� h then yields Theorem 1.1.

2. Proofs

Proof of Lemma 1.1. Let X ntðsÞ denote the process in (1.6). All trajectories of the limiting process belong to
CðRÞ, the separable subset of continuous functions on R. This means that similar to Theorem V.23 in Pollard
(1984), it suffices to show that for any compact set I � R the process fX ntðsÞ : s 2 Ig converges in distribution
to the process fW ðf ðtÞsÞ : s 2 Ig in DðIÞ, the space of cadlag functions on I. We will apply Theorem V.3 in
Pollard (1984), which is stated for D½0; 1�, but the same result holds for DðIÞ.

Let En denote the empirical process
ffiffiffi
n
p
ðFn � F Þ and let Bn be a Brownian bridge constructed on the same

probability space as the uniform empirical process En � F�1 via the Hungarian embedding of Kómlos et al.
(1975). Let xn be a Nð0; 1Þ distributed random variable independent of Bn. Define versions W n of Brownian
motion by W nðtÞ ¼ BnðtÞ þ xnt, t 2 ½0; 1�. Since

sup
t2½0;1�
jEnðtÞ � BnðF ðtÞÞj ¼ Opðn

�1=2 log nÞ,

we can write

X ntðsÞ ¼ n1=6fW nðF ðtþ sn�1=3ÞÞ �W nðF ðtÞÞg þ Opðn
�1=6 log nÞ,

where the big O-term is uniform for s 2 I . By using Brownian scaling, a simple Taylor expansion, and the
uniform continuity of Brownian motion on compacta, we find that

X ntðsÞ ¼
d

W ðf ðtÞsÞ þ RnðsÞ,

where sups2I jRnðsÞj ! 0 in probability. From this representation it follows immediately that the process
fX ntðsÞ : s 2 Ig satisfies the conditions of Theorem V.3 in Pollard (1984). This proves the lemma. &

Proof of Lemma 1.2. Note that the concave majorants of Z on ½�d; d� and on R are the same on the interval
½�d=2; d=2� as soon as their values coincide at the boundary points �d=2. Hence, by symmetry

PfNðdÞcgp2Pf½CMRZ�ðd=2Þ4½CM½�d;d�Z�ðd=2Þg

p2Pf½CMRZ�ðd=2Þ4½CM½0;d�Z�ðd=2Þg.

From Lemma 3.2 in Durot and Toquet (2002), with c ¼ d=4 and t ¼ d=2 the latter probability is bounded by
8 expð�d3=27Þ. &
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Proof of Lemma 1.3. Define f̂ n as the left-derivative of F̂ n. Define

UnðaÞ ¼ argmax
t2½0;1�

fF nðtÞ � atg and VnðaÞ ¼ n1=3ðUnðaÞ � gðaÞÞ,

where g denotes the inverse of f. The process Un is related to f̂ n by

f̂ nðtÞpa () UnðaÞpt, (2.1)

with probability one. First suppose that 0ot� dn�1=3otþ dn�1=3o1, so that IntðdÞ ¼ ½t� dn�1=3; tþ dn�1=3�.
On the event NntðdÞ

c, the concave majorants of Fn on the intervals ½0; 1� and ½t� dn�1=3; tþ dn�1=3� differ
either at s ¼ t� dn�1=3=2 or at s ¼ tþ dn�1=3=2. A simple picture shows that in that case f̂ n cannot have a
point of jump both on the intervals ½t� dn�1=3; t� dn�1=3=2� and ½tþ dn�1=3=2; tþ dn�1=3�. This implies

PfNntðdÞ
c
gpPff̂ nðt� n�1=3dÞ ¼ f̂ nðt� n�1=3d=2Þg þ Pff̂ nðtþ n�1=3dÞ ¼ f̂ nðtþ n�1=3d=2Þg. (2.2)

Consider the first probability on the right-hand side of (2.2). Define �n ¼ 1
8
inf jf 0jdn�1=3. Then with s ¼

t� n�1=3d and x ¼ d=2, we have

Pff̂ nðt� n�1=3dÞ ¼ f̂ nðt� n�1=3d=2Þg

¼ Pff̂ nðsþ n�1=3xÞ ¼ f̂ nðsÞg

pPfðf̂ nðsþ n�1=3xÞ � f ðsþ n�1=3xÞÞ � ðf̂ nðsÞ � f ðsÞÞXn�1=3x inf jf 0jg

pPff̂ nðsþ n�1=3xÞ � f ðsþ n�1=3xÞ4�ng þ Pff̂ nðsÞ � f ðsÞo� �ng. ð2:3Þ

By using (2.1), the first probability on the right-hand side of (2.3) is equal to

PfUnðf ðsþ xn�1=3Þ þ �nÞ4sþ n�1=3xg

¼ PfV nðf ðsþ xn�1=3Þ þ �nÞ4n1=3ðsþ n�1=3x� gðf ðsþ xn�1=3Þ þ �nÞÞg

pP V nðf ðsþ xn�1=3Þ þ �nÞ4
inf jf 0jd

8 sup jf 0j

� �
.

Clearly, f ðsþ xn�1=3Þ þ �n4f ð1Þ, and since t4dn�1=3, it follows that f ðsþ xn�1=3Þþ

�n ¼ f ðt� dn�1=3=2Þ þ �nof ð0Þ. According to Theorem 2.1 in Groeneboom et al. (1999) (note that the proof
of this theorem does not use that f 00 exists), for a 2 ðf ð1Þ; f ð0ÞÞ and x40, PfVnðaÞXxgp2e�Mx3

, with M40
only depending on f. This means that

P V nðf ðsþ xn�1=3Þ þ �nÞ4
inf jf 0jd

8 sup jf 0j

� �
p2e�Cd3

, (2.4)

for some constant C40 not depending on n, t and d. The second probability on the right-hand side of (2.3) can
be bounded similarly,

Pff̂ nðsÞ � f ðsÞo� �ngp2e�Cd3

.

Together with (2.4) we conclude that the probability of the first event on the right-hand side of (2.2) can be
bounded as follows

Pff̂ nðt� n�1=3dÞ ¼ f̂ nðt� n�1=3d=2Þgp4e�Cd3

.

The probability of the second event on the right-hand side of (2.2) can be bounded similarly, by taking
s ¼ tþ n�1=3d=2 and x ¼ d=2 and using the same argument as above. This proves the lemma for the case
0ot� dn�1=3otþ dn�1=3o1.

When 0ot� dn�1=3o1ptþ dn�1=3, then IntðdÞ ¼ ½t� dn�1=3; 1� and on NntðdÞ
c the concave majorants of

Fn on the intervals ½0; 1� and ½t� dn�1=3; 1� differ at s ¼ t� dn�1=3=2. In that case f̂ n cannot have a point of
jump on the interval ½t� dn�1=3; t� dn�1=3=2�, so that

PfNntðdÞ
c
gpPff̂ nðt� n�1=3dÞ ¼ f̂ nðt� n�1=3d=2Þgp4e�Cd3

.
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Finally, when t� dn�1=3p0otþ dn�1=3o1, then IntðdÞ ¼ ½0; tþ dn�1=3� and on NntðdÞ
c the concave majorants

of F n on the intervals ½0; 1� and ½0; tþ dn�1=3� differ at s ¼ tþ dn�1=3=2. In that case f̂ n cannot have a point of

jump on the interval ½tþ dn�1=3=2; tþ dn�1=3�, so that

PfNntðdÞ
c
gpPff̂ nðtþ n�1=3dÞ ¼ f̂ nðtþ n�1=3d=2Þgp4e�Cd3

: &

Proof of Theorem 1.1. Similar to the proof of Lemma 1.1 it is enough to show that for any compact set K � R,
the process fzntðsÞ : s 2 Kg converges in distribution to the process fzðsÞ : s 2 Kg on DðKÞ. Note that for this, it

suffices to show that the process fAnðtþ sn�1=3Þ : s 2 Kg converges in distribution to the process
f½DRZt�ðsÞ : s 2 Kg, where

ZtðsÞ ¼W ðf ðtÞsÞ þ 1
2f
0
ðtÞs2. (2.5)

This follows from the fact that by Brownian scaling c1ðtÞZtðc2ðtÞsÞ ¼
d

ZðsÞ ¼W ðsÞ � s2.
Let t 2 ð0; 1Þ fixed, and let Int ¼ ½�tn1=3; ð1� tÞn1=3�. Write EntðsÞ ¼ n2=3F nðtþ sn�1=3Þ, for s 2 Int. Then by

definition

Anðtþ sn�1=3Þ ¼ ½DInt
Ent�ðsÞ for s 2 Int.

Now consider K is fixed. For the processes f½DInt
Ent�ðsÞ : s 2 Kg and f½DRZt�ðsÞ : s 2 Kg, we must show that for

any g : DðKÞ ! R bounded and continuous:

jEgðDInt
EntÞ � EgðDRZtÞj ! 0.

Let �40 and let I ¼ ½�d; d� be an interval, where d40 is chosen sufficiently large such that K � ½�d=2; d=2�,
and such that according to Lemmas 1.2 and 1.3

PðNðd=c2ðtÞÞ
c
Þo� and PðNntðdÞ

c
Þo�, (2.6)

where NðdÞ and NntðdÞ are defined in (1.7) and (1.8). Let n be sufficiently large, such that
K � ½�d=2; d=2� � I � Int. For g : DðKÞ ! R bounded and continuous, and processes f½DInt

Ent�ðsÞ : s 2 Kg,
f½DI Ent�ðsÞ : s 2 Kg, f½DRZt�ðsÞ : s 2 Kg, and f½DI Zt�ðsÞ : s 2 Kg, we have

jEgðDInt
EntÞ � EgðDRZtÞjpjEgðDInt

EntÞ � EgðDI EntÞj

þ jEgðDI EntÞ � EgðDI ZtÞj

þ jEgðDI ZtÞ � EgðDRZtÞj. ð2:7Þ

For the last term on the right-hand side of (2.7) we have that

jEgðDI ZtÞ � EgðDRZtÞjp2 sup jgj � PfDI ZtaDRZt on Kg

p2 sup jgj � PfDI ZtaDRZt on ½�d=2; d=2�g.

Since c1ðtÞZtðc2ðtÞsÞ ¼
d

ZðsÞ, the latter probability is bounded by PðNðd=c2ðtÞÞ
c
Þ, so that (2.6) yields

jEgðDI ZtÞ � EgðDRZtÞjp2 sup jgj � �. (2.8)

The first term can be bounded similarly:

jEgðDInt
EntÞ � EgðDI EntÞjp2 sup jgj � PfCMInt

EntaCMI Ent on ½�d=2; d=2�g

p2 sup jgj � PðNntðdÞ
c
Þp2 sup jgj � �. ð2:9Þ

In order to bound the second term on the right-hand side of (2.7), define

ZntðsÞ ¼ n2=3ðFnðtþ sn�1=3Þ � FnðtÞ � ðF ðtþ sn�1=3Þ � F ðtÞÞÞ þ 1
2
f 0ðtÞs2.

It follows from Lemma 1.1, that the process fZntðsÞ : s 2 Ig converges in distribution to the process
fZtðsÞ : s 2 Ig. Because the mapping DI : DðIÞ ! DðIÞ is continuous, this means that

jEhðDI ZntÞ � EhðDI ZtÞj ! 0,

for any h : DðIÞ ! R bounded and continuous. Note that we can also write

EntðsÞ ¼ ZntðsÞ þ n2=3FnðtÞ þ f ðtÞsn1=3 þ RntðsÞ,
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where

RntðsÞ ¼ n2=3½F ðtþ sn�1=3Þ � F ðtÞ � f ðtÞsn�1=3 � 1
2
f 0ðtÞs2n�2=3�.

Note that for some jy� tjpn�1=3jsj, with s 2 I , we have

RntðsÞ ¼
1
2
jf 0ðyÞ � f 0ðtÞjs2 ! 0,

uniformly for s 2 I , using that f 0 is continuous. By continuity of the mapping DI together with the property
that DI is invariant under addition of linear functions, it then follows that on I:

DI Znt ¼ DI ðEnt � RntÞ ¼ DI Ent þ oð1Þ,

where the oð1Þ-term is uniform for s 2 I . We conclude that for any h : DðIÞ ! R bounded and continuous, and
processes f½DI Ent�ðsÞ : s 2 Ig and f½DI Zt�ðsÞ : s 2 Ig,

jEhðDI EntÞ � EhðDI ZtÞj ! 0. (2.10)

Now let pK : DðIÞ ! DðKÞ be defined as the restriction of an element of DðIÞ to the set K. Since for any
g : DðKÞ ! R bounded and continuous the composition h ¼ g � pK is also bounded and continuous, (2.10)
implies that for g : DðKÞ ! R bounded and continuous, and processes f½DI Ent�ðsÞ : s 2 Kg and
f½DI Zt�ðsÞ : s 2 Kg,

jEgðDI EntÞ � EgðDI ZtÞj ! 0. (2.11)

Putting together (2.8), (2.9), (2.11) and (2.7) proves the theorem. &
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Groeneboom, P., Hooghiemstra, G., Lopuhaä, H.P., 1999. Asymptotic normality of the L1-error of the Grenander estimator. Ann. Statist.

27, 1316–1347.

Kiefer, J., Wolfowitz, J., 1976. Asymptotically minimax estimation of concave and convex distribution functions. Z. Wahrsch. Gebiete 34,

73–85.
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